1= Blotx - \ s Engineeing ) E-ISSN: 2686-1208 gl /B

- Argiculture u . - e,
. Britain International of % % ) PSS 20

Sciences Journal (A=A )

Publish: | January - May - September | Biological ~ Medical

A Remark on the Transformations between Different
Representations

Zhang Yue
College of Physics and Information Science, Hunan Normal University, Changsha 410081, China

Email: phys_zhangyue@126.com

Abstract:

The paper respectively studies the transformations of spin component operators and their
eigenfunctions from S, to S, representation. The studies demonstrate that if using the matrix

of obtaining from the equation of transforming the eigenfunctions of S . and in terms of the
transformation arising from Ref. [7] for all of the spin component operators from S, to S,
representation, a negative symbol will occur in the result, which is not concordant with the

commutation relation between §X and §Z. Moreover, this matrix of transformation can not be

applied to the transformation of the eigenfunctions of S , or S y - It therefore concludes that with

respect to the transformation of representation of an operator and its eigenfunctions, the matrix
of transformation should be obtained from the equation of transforming the eigenfunctions of
the same operator from theold to the new representation.
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I. Introduction

In quantum mechanics, the theory about the representation of state vector (or wave
function) and the operator as well as the transformation between different representations is
an important subject which attracts the remarkable interesting of a lot of researchers .
There are two equivalent mathematical expressions for the transformation of representations,

if F is an operator of representing a physical quantity, U is a linear operator, the reverse
matrix of the matrix of U exists for all of the wave functions, thus, the definition of the
transformation of representations for the operator F and its eigenfunctions from B to A

. . 56 .
representatlon ISl ! .

wa=UTys, Fa=U"FU, (1)

where F, (Fy) is the matrix of F in A(B) representation, ¥, (W) notes the eigenfunction

of Fin A(B) representation. It can be proven that the transformation of representation is
also an unitary transformation %, thus, UU ™ =U U =1, multiplying the transformation
formula of operator in eq. (1) with U from the left and with U ™ from the right, moreover,

multiplying the transformation of formula of eigenfunction in eq. (1) with U from the left it
arrives

wy =Uw,, F =UFU™". (2)
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Eq.2) is equivalent of eq.(1), it indicates the transformation of F and its eigenfunctions from
A to B representation, of course, A or B representation can be replaced by the representation

of F itself,

Concerning the application of the transformation of representation, the teaching
materials generally employ eq.(1)"%, but there are some researchers like to employ eq.(2) ™.
The key problem for the transformation of representation is how to determine its
transformation matrix, if some mistakes or puzzles occurring in the transformation result,
these are usually caused by incorrect transformation matrix employed. Taking the electronic
spin component operators and their eigenfunctions as an example, the paper will present
some discussions and studies by use of eq.(1).

I1. Review of Literature

Transformation of Operator
A typical application is the transformation of electronic spin operators S, (I =X, Y, Z)

from S, (old representation) to S, (new representation) representation. In S, representation,

; Or éx and$; or §y and §

vs .5 it can be

from the commutation relations between S, andS ,s

derived that the spin operators are written:

Sx=1(° 1} s =1(9 "j, sz=i[l Oj. a)
4z\1 O Y ooar\i 0 47\0 -1

With respect to the transformation of representation of operators, some people
obtained the transforming matrix from the transforming formula of the eigenfunctions of one

of the spin operators from S, to S, representation!'’!. For example, using the matrix of S,

in eq. (3) to solve the equations of its eigenvalues, it obtains the eigenfunctions of S, in S,

representation

1

1 1 (-1
- zye0-2(]] @

where the subscripts % and — % of y respectively correspond to the eigenvalues

h ) . . . . .
—and —— . According to the assumption of electronic spin ) the eigenfunctions of

Ar Ar

S, (using S| notes its matrix in S, representation)in S, representation are written

AR W VAR b
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If using eq.(1) to perform the transformation, thus

i i) exerma 5 m

it calculates out from eq.(6) that

Lo 1(1 1 111
U _ﬁ(_l 1j’u_\/§(1 1). )

Obviously, UU =U"U =1.

It is easy to prove that the transformation of representatlon does not change the

; of S and$S, . Using eq(1) and

commutation relations between S andS ; or S and SZ,

eq.(3), the transformation results of spin operator from S, to S, representation are given by

si—uisu="[Y %) s _yssu="(9 ")
47z\0 - y y 47z\1 O

S = ulsu———(O 1) ®)
47z\1 0

According to the commutation relation between S, andS,, the transformation result

8

of eq. (8) should be just to exchange the matrix of S, with that of S, in eq(3)", but a

negative symbol occurs in S, of eq(8). The negative symbol of the transformation results in
Ref.[7] occurs in the matrix of S|, it should be a special case, because the reverse matrix of its

transformation matrix is just as same as itself.
ITI. Discussion

3.1 Transformation of Eigenfunctions
If similar to the transformation of representation of operator eq.(8), using U < of eq.

(7) to transform the eigenfunctions of S, from S, to S, representation, it arrives

VTR R P _paf0) 1 (1
Z%(Sz)_u (Oj_\/a(_l]’ Z_}/Z(Sz)—U (lj—\/a[]). (9)

Because in S, representation, the matrix expressions of S, and S, should be the
same as just exchanging their matrix expressions in S, representation, therefore, from the
equation of eigenvalue, it obtains that the eigenfunctions of S, in S, is just the same as eq.(4),

the results of eq.(9) are evidently wrong. This demonstrates that the eigenfunctions of spin
component operators can not be transformed from S, to S, representation by use of eq.(7)
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That the reason of the mistakes occurs in eq(9) is due to the incorrect transformation
matrix employed. The eigenfunctions of S, in the representation of itself are the totally same
as eq.(5), using eq.(4) and eq.(5), the transformation of representation for the eigenfunctions of

S, from S, to S, representation are given by

Nyl __;E_ 1 N 1110 ___}_ —1
z%(SZ)—U [OJ_\E@’ ;(_%(SZ)—U (J‘ﬁ(lj’ (10)

from eq.(]O) it calculates out

4 11— 111
U _E[l J, U—E(_l J. (1)

Therefore, with respect to the transformation of eq.(9), we must take the U ™ of eq.(l)

as the transformation matrix, it is just the reverse matrix of the U ™ of eq.(7).

Thus, if using eq.(I1) for the transformation of éz from S, to S, representation, it

, ey 11 n)n(10)1(11) n(01
5 =U SZU_E(l JE(O Jﬁ(l 1]‘4;;(1 o)’ 12

there is evidently no the negative symbol as in the matrix of S] of eq(8) in this result

obtains

of transformation.

According to the above discussions, we get a new recognition about the
transformation of representation of spin operator eq.(8). if the transformation matrix for every
spin component operator of eq.(3) is determined by the transformation formula of the
eigenfunctions of itself, from the calculations it can be found that the result of the

transformation is just to exchange the matrix of S, with that of S, in eq.(3), it does not

b

generate the negative symbol in the matrixof S, of eq.(8).

Because the commutation relations between S, and S,; or S, and S,; or S, and

AR

A

S

other spin component operators and their eigenfunctions from S, to S, representation, or

, are symmetrical from each other, therefore, it can similarly discuss the transformations of

from S, to S, representation.
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IV. Conclusion

This paper respectively studied the transformation of the spin component operators
and their eigenfunctions from S, to S, representation, and obtained the following

conclusions:

1. With respect to the transformation of representation for every spin component operator
and its eigenfuntions (or state vectors), the transformation matrix must be determined by
the transformation formula of its eigenfunctions from the old to the new representation.

2. In consideration of the transformation of eq.(3) from S, to S, representation, if the

X
transformation matrix for every spin component operator is determined by the
transformation formula of its eigenfunctions, for example, the transformation matrix for
S, employs eq.(7); the transformation matrix for S, employs eq.(I1), the result of the

transformation is just equal to exchange the matrix of S, with that of S, of eq.(3), it does

not occur the negative symbol of S! of eq.8), and it is consistent with the commutation

relation between S, andS, .

3. If the commutation relations of the component operators of other operator are similar to
the commutation relations between the spin component operators, the conclusions (1) and
(2) are applicable to the transformation of representation for the component operators of
this operator and their eigenfunctions.
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